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Simulation of the effect of stress-induced anisotropy on borehole
compressional wave propagation
Xinding Fang1, Michael C. Fehler1, and Arthur Cheng2
ABSTRACT
Formation elastic properties near a borehole may be altered
from their original state due to the stress concentration around
the borehole. This can lead to an incorrect estimation of forma-
tion elastic properties measured from sonic logs. Previous work
has focused on estimating the elastic properties of the formation
surrounding a borehole under anisotropic stress loading. We
studied the effect of borehole stress concentration on sonic
logging in a moderately consolidated Berea sandstone using a
two-step approach. First, we used an iterative approach, which
combines a rock-physics model and a finite-element method,
to calculate the stress-dependent elastic properties of the rock
around a borehole subjected to an anisotropic stress loading. Sec-
ond, we used the anisotropic elastic model obtained from the
first step and a finite-difference method to simulate the acoustic
response of the borehole. Although we neglected the effects of
rock failure and stress-induced crack opening, our modeling re-
sults provided important insights into the characteristics of bore-
hole P-wave propagation when anisotropic in situ stresses are
present. Our simulation results were consistent with the pub-
lished laboratory measurements, which indicate that azimuthal
variation of the P-wave velocity around a borehole subjected
to uniaxial loading is not a simple cosine function. However, on
field scale, the azimuthal variation in P-wave velocity might not
be apparent at conventional logging frequencies. We found that
the low-velocity region along the wellbore acts as an acoustic
focusing zone that substantially enhances the P-wave amplitude,
whereas the high-velocity region caused by the stress concentra-
tion near the borehole results in a significantly reduced P-wave
amplitude. This results in strong azimuthal variation of P-wave
amplitude, which may be used to infer the in situ stress state.
INTRODUCTION
Borehole acoustic-logging data provide important information
about formation elasticity (Mao, 1987; Sinha and Kostek, 1995).
Monopole and crossdipole measurements are widely used for deter-
mining the formation of P-wave velocity and S-wave anisotropy
(Sinha and Kostek, 1995, 1996; Winkler et al., 1998; Tang et al.,
1999, 2002). Most conventional unfractured reservoir rocks, such as
sands, sandstones, and carbonates, show very little intrinsic
anisotropy in an unstressed state (Wang, 2002). However, stress-in-
duced anisotropy caused by the opening or closing of the compliant
and crack-like parts of the pore space due to tectonic stresses can
significantly affect the elastic properties of rocks. Drilling a bore-
hole in a formation strongly alters the local stress distribution.
When the in situ stresses are anisotropic, drilling causes the closure
or opening of cracks in the formation around a borehole and leads to
an additional stress-induced anisotropy. Winkler (1996) experimen-
tally measures the azimuthal variation of the P-wave velocity in a
direction parallel to a borehole that was subjected to a uniaxial
stress loading and showed that the borehole stress concentration has
a strong impact on the velocity measurements. To fully understand
the effect of borehole stress concentration on borehole sonic
logging, a thorough analysis of the propagation of waves in a 3D
borehole embedded in a medium with stress-dependent elastic prop-
erties needs to be conducted.
The stiffness tensor of the formation around a borehole is gov-
erned by the constitutive relation between the stress field applied
around the borehole and the elasticity of the rock with microcracks
embedded in the matrix. Several approaches (Sinha and Kostek,
1996; Winkler et al., 1998; Tang et al., 1999; Brown and Cheng,
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2007; Fang et al., 2013) have been proposed to describe the stress-
dependent response of the elastic properties of the rock around a
borehole when it is subjected to anisotropic stress loading. Liu and
Sinha (2000, 2003) study the influence of borehole stress concen-
tration on monopole and dipole dispersion using finite-difference
methods to solve the elastic wave equation and a nonlinear constit-
utive relation that accounts for the finite deformation caused by tec-
tonic stresses. In this paper, we use the method of Fang et al. (2013)
that combines the rock-physics model of Mavko et al. (1995) and a
finite-element method (FEM), to calculate the stiffness tensor of the
formation around a borehole. Then, we use a finite-difference
method to simulate the wave propagation along the borehole and
study the effect of stresses on borehole P-wave propagation.
All approaches (Sinha and Kostek, 1996; Winkler et al., 1998;
Tang et al., 1999; Brown and Cheng, 2007; Fang et al., 2013) that
have been used for calculating the stress-induced formation stiffness
changes around a borehole are based on the data measured from
compression experiments to determine the mechanical behavior of
a rock under stress. The effect of tensile stress on rock stiffness is
either neglected or determined by extrapolating the data from the
compressive to the tensile regime. This extrapolation has no physi-
cal basis (Fang et al., 2013). Although crack opening under tension
can be studied through uniaxial or triaxial experiments (Stanchits
et al., 2006), further research is needed to study how to quantita-
tively determine the effect of crack opening from laboratory data in
the calculation of borehole stress-induced anisotropy. Thus, the ef-
fect of stress-induced crack opening is not considered in this study.
Moreover, the inelastic effect due to irreversible mechanical damage
is also neglected because the rock-physics model of Mavko et al.
(1995), which is used by Fang et al. (2013), is purely elastic. Instead
of focusing on rock-physics modeling, our objective here is to dis-
cuss the importance of wave propagation simulation in the study of
the effect of stress on borehole sonic logging.
We first give a brief review of the method of Fang et al. (2013) for
calculating the borehole stress-induced anisotropy, and then com-
pare the numerical simulation results with the laboratory measure-
ments of Winkler (1996) for a moderately consolidated Berea
sandstone. We then simulate the effect of stress on sonic logs on
the field scale. The work presented in this paper gives us a new
understanding of the characteristics of sonic-wave propagation in
a borehole.
BRIEF REVIEW OF THE METHOD
FOR BOREHOLE STRESS-INDUCED
ANISOTROPY CALCULATION
In the approach of Fang et al. (2013), the stress-induced
anisotropy around a borehole is obtained through an iterative proc-
ess (Figure 1) that combines the method of Mavko et al. (1995) and
an FEM. First, we measure the P- and S-wave velocities versus
hydrostatic pressure for a given rock sample. These data are used
to calculate the stress dependent crack compliance of the rock.
Second, we apply the workflow shown in Figure 1 to calculate the
stiffness tensor of the rock around a borehole subjected to a given
stress loading. In the workflow, we first use Mavko’s model to cal-
culate the stiffness of an intact rock under a given stress loading and
use it as an initial model. Second, we insert a borehole into the ini-
tial model and use an FEM to calculate the stress field around the
borehole. We then iteratively use Mavko’s model to calculate the
stiffness tensor of each element in the model based on the local
stress tensor and replace the old stiffness tensor with the updated
one. After the first iteration, the model becomes heterogeneous due
to the spatially varying stress field. We use the finite element to
calculate the stress distribution in the updated model and iterate
over those steps inside the loop shown in Figure 1, until the model
stiffness converges to a stable value. The output from the iteration is
the stiffness tensor of the model as a function of space and applied
stress. Validation of the finite-element program is presented in
Appendix A.
FINITE-DIFFERENCE MODELING
We use the P- and S-wave velocities versus hydrostatic pressure
data (shown in Figure 4 of Fang et al., 2013) measured from a
moderately consolidated Berea sandstone sample to construct a
model for our wave propagation simulation. Table 1 lists the proper-
ties of the rock sample (i.e., sample 1). To validate the applicability
of our modeling to simulate stress effect on sonic logs, we first com-
pare our numerical simulations with the laboratory measurements of
Winkler (1996), in which the P-wave velocity versus azimuth
Table 1. Parameters of the Berea sandstone samples in an
unstressed state. Samples 1 and 2 are, respectively, the rocks
used in our simulation and in the experiment of Winkler
(1996).
VP
(km∕s)
VS
(km∕s)
ρ
(kg∕m3)
Porosity
(%)
Sample 1 (Fang et al.,
2013)
2.83 1.75 2198 17.7
Sample 2 (Winkler, 1996) 2.54 N/A N/A 22
H
I
Figure 1. Workflow for computation of stress-induced anisotropy
around a borehole (from Fang et al., 2013). FEM and M represent
finite-element method and the method of Mavko et al. (1995), re-
spectively. See text for explanation.
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around a borehole in sandstone samples with and without applied
uniaxial stress was measured. After the comparison with Winkler’s
high-frequency experiment, we upscale our model to the field scale
and study the simulation results at frequencies suitable for field
sonic logging.
Comparison with Winkler’s laboratory measurements
Winkler (1996) conducts acoustic experiments on a Berea
sandstone sample and a Hanson sandstone sample to measure the
P-wave velocity versus azimuth around a borehole. We cannot
directly simulate the laboratory experiments because the P- and
S-wave velocities of the rock samples versus hydrostatic pressure,
which are the necessary input to determine the stress dependent
crack compliance in our model construction, are not available.
Instead, we use the measurements made by Fang et al. (2013) and
scale the results to those of Winkler (1996). Our comparison is lim-
ited to the Berea sandstone because we only have velocity versus
pressure data for a Berea sandstone sample (sample 1 in Table 1).
As shown in Table 1, the Berea sandstone sample used in Winkler’s
experiment has similar properties to the sample used in our simu-
lation, so we can expect that they have similar responses under
stress. In Winkler’s experiment, the Berea sandstone sample having
dimensions of 15 × 15 × 13 cm and with a 2.86 cm (1.125 in) diam-
eter borehole parallel to the short dimension was placed in a
water tank for conducting acoustic measurements. The P-wave
velocity at each azimuth was measured parallel to the borehole axis
using a directional transducer and two receivers, which were 7 and
10 cm, respectively, away from the transducer. The average P-wave
velocity before stress was applied to the sample was approximately
2.54 km∕s and there was little variation with azimuth. When Win-
kler’s model is scaled to a 20 cm (8 in) borehole, the corresponding
frequency of the received acoustic signals is 30 kHz.
We built a borehole model with the same geometry of the experi-
ment configuration of Winkler (1996), so that the numerical results
are comparable to the laboratory measurements. Figure 2 shows the
geometry of our borehole model. The formation is Berea sandstone
(sample 1 in Table 1) and the borehole is water saturated. A 2.86 cm
(1.125 in) borehole is at the center of the model along the
z-direction. A uniaxial stress is applied normal to the borehole in
the x-direction. The direction of the applied uniaxial stress is
defined as 0°. A 0.64 cm (1∕4 in) diameter piston source, which
mimics the 1∕4 in diameter directional transducer in Winkler’s
experiment, is used in the simulation. A schematic of the piston
source is shown in Figure 3. The source amplitude is tapered from
the center to the edges using a Hanning window that is shown as the
dashed curve in Figure 3. Source time function is a Ricker wavelet
with a 213 kHz center frequency, the corresponding frequency is
30 kHz in a 20 cm (8 in) borehole. Figure 4 shows a snapshot
at 0.011 ms of the pressure field in the borehole excited by a piston
source pointing at 30°. We can see that the wavefield excited by the
piston source has good directionality and is antisymmetric with
respect to the source plane. Receivers, which are shown as the blue
circles in Figure 2, are placed in water and are 0.7 cm away from the
borehole axis along the source direction. Perfectly match layer is
used at all model boundaries to avoid boundary reflection. The
boundary effect is not considered in the comparison because Win-
kler (1996) only measures the time of the first arriving P-wave and
the distance between the model boundary and the wellbore is almost
six times the P-wave wavelength.
The elastic model obtained from the method of Fang et al. (2013)
contains 21 independent elastic constants, which are functions of
the applied stress and position. For 10 MPa stress loading, we
calculate the average value of the stiffness tensor of the formation
around the borehole and plot it in Figure 5. Color intensity of each
box in Figure 5 represents the average value of the corresponding
component in the stiffness tensor (6 × 6 matrix notation). The nine
Figure 2. Borehole model geometry. A piston source (red circle) is
located at the borehole center. Receivers (blue circles) are 0.7 cm
away from the borehole center along the source direction that is
indicated by the red arrow. A uniaxial stress is applied in the x-di-
rection. Borehole diameter is 2.86 cm.
x
y
i1/4 inch
Figure 3. Schematic showing the 1∕4 in diameter piston source
used in the simulation. Arrows indicate source excitation direction.
Dashed curve represents a Hanning window that is used to taper the
source amplitude from the center to the edges. Source orientation
angle i is measured from the positive x-direction.
Stress effect on sonic logging D207
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components inside the dashed green lines of Figure 5 are approx-
imately two orders of magnitude larger than the others. This indi-
cates that only nine elastic constants (i.e., C11, C12, C13, C22, C23,
C33, C44, C55, and C66) in the stiffness tensor are important. We call
these nine elastic constants as the dominant components. In the fol-
lowing, we will show that the nine dominant components determine
the characteristics of wave propagation in a borehole and the
remaining 12 components in the stiffness tensor have negligible
effect. Figure 6 shows the variations of the nine dominant elastic
constants around the borehole in the x–y plane for a 10 MPa uni-
axial stress applied along the x-direction. Properties of the model
are invariant in the z-direction because of model symmetry. As seen
in Figure 6, the rock around the borehole becomes inhomogeneous
and anisotropic under a stress loading. The diagonal components in
the stiffness tensor (i.e., Cii, i ¼ 1; 2; : : : ; 6) are significantly differ-
ent from each other. Due to the stress concentration at 90°, the
stiffness of the rock increases from the stress loading direction
(0°) to the direction normal to the loading stress (90°).
We use a 3D staggered grid finite-difference method (Cheng et al.,
1995) that is written in Cartesian coordinates and has fourth-order
accuracy in space and second-order accuracy in time, in the wave
propagation simulation. Validation of the finite-difference program
is presented in Appendix B. The grid spacing is 0.0176 cm (i.e.,
1∕162 borehole diameter, approximately 1∕75 P-wave dominant
wavelength, approximately 1∕47 S-wave dominant wavelength)
and time sampling is 0.0176 μs. Numerical velocity error (Moczo
et al., 2000) for P- and S-waves in the x–y plane at zero stress state
is illustrated by the solid and dashed curves, respectively, in
Figure 7. Numerical error in the z-direction is of the same order
of magnitude of that in the x–y plane because grid spacing is uni-
form in all three directions. From Figure 7, we can see that the dif-
ference between the true velocity (i.e., formation velocity) and the
actual velocity (i.e., grid velocity) of wave propagation in the sim-
ulation is less than 0.01% for P- and S-waves in all directions within
the source frequency range. The azimuthal variation of P-wave
velocity in the borehole caused by 10 MPa uniaxial stress is approx-
imately 10% (Winkler, 1996), which is several orders of magnitude
larger than that caused by numerical error. Thus, the numerical error
has negligible effect on the results. Figure 8 shows a comparison of
the seismograms simulated from two models, respectively, contain-
ing 21 (dashed red) and nine dominant (solid black) elastic con-
stants for a piston source at 30° and 10 MPa uniaxial stress
loading. As shown in Figure 8b, the difference (multiplied by
105) between the wavefields recorded in these two models is neg-
ligible. This indicates that the wave propagation in the borehole is
reliably simulated when using only the nine dominant elastic con-
stants and the rest of the stiffness tensor can be neglected. There-
fore, we only use the nine dominant components and assume the
other components in the stiffness tensor are equal to zero in the
simulations below. However, this is the only case for a borehole
that is aligned with the symmetry plane of an anisotropic formation.
When the borehole is oblique to the symmetry plane, a general
anisotropic stiffness tensor with 21 elastic constants might need
to be used in the simulation.
Figure 9 shows the pressure profiles recorded in the borehole for
sources at 10 different orientations when the model is subjected to
10 MPa uniaxial stress. The 0° and 90° are along the x- and
y-directions, respectively. The refracted P-waves, which have al-
most linear moveouts, are marked by the dashed red lines. To show
the weak refracted P-waves, we saturate the wavefields for plotting.
In Figure 9f–9j, we can see that the refracted P-waves vanish when
the offset is larger than approximately 12 cm. We will discuss the
cause of this in the next section. The repeating hyperbolic events
arriving after approximately 0.07 ms are the multiple reverberations
inside the borehole.
Figure 10 shows the waveforms at two receivers located at z ¼ 7
and 10 cm (source at z ¼ 0 cm), which are the positions of the near
and far receivers in Winkler’s experiment, for sources at 10 different
orientations. The first arriving P-waves at z ¼ 7 and 10 cm should
be the refracted P-wave because the refracted P-wave starts to
appear at approximately z ¼ 3 ∼ 4 cm and is still present at
z ¼ 10 cm, as shown in Figure 9. At each source orientation, we
divide the distance between the two receivers by the delay between
the refracted P-wave arrival times, which are indicated by the red
circles in Figure 10, to get the P-wave velocity. Figure 11 shows the
azimuthal variation of the normalized P-wave velocity obtained
from our numerical simulations together with the data measured
C11 C12
C22
C13
C23
C33
C14
C24
C34
C44
C15
C25
C35
C45
C55
C16
C26
C36
C46
C56
C66
Stiffness (GPa)
0
5
10
15
20
25
Figure 5. Color hue of each box indicates the average value of the
corresponding component (Cij) in the stiffness tensor of the forma-
tion around a borehole under 10 MPa stress loading. The compo-
nents inside the dashed green lines are approximately two orders of
magnitude larger than the others.
−2 −1  0  1  2
−2
−1
 0
 1
 2
x (cm)
y 
(cm
)
Time = 0.011 ms
Figure 4. Snapshot showing the pressure field in the borehole ex-
cited by a piston source pointing at 30°. Red and blue colors indicate
peak and trough, respectively.
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by Winkler (1996) for 10 MPa uniaxial stress. The modeling data
(squares) and the measured data (circles) are normalized separately
by the corresponding P-wave velocity of the rock sample at zero
stress state. We simulate 10 sources with orientation varying from
0° to 90° in steps of 10°. Using symmetry, we replicate the data
from 0° to 90° to the other three quadrants for plotting. As shown
in Figure 11, our numerical results agree well with the laboratory
measurements of Winkler (1996). Figure 12 shows the comparison
of our numerical results (squares) and Winkler’s laboratory mea-
surements (solid curves) for 5, 10, and
15 MPa uniaxial stresses. For 5 and 15 MPa uni-
axial stresses, Winkler (1996) does not show the
original measured data points but only the best
fits. Winkler (1996) measures the velocities dur-
ing loading and unloading cycles. We only com-
pare the data measured during the loading
process because the velocity versus pressure data
used in our model construction are measured
in an increasing stress process. The impact of
stress-strain hysteresis is not considered in our
study. To understand the propagation of sonic
waves in the 3D inhomogeneous borehole
environment, we compare our 3D results with
2D simulation results, which are shown as
dashed curves in Figure 12. In the 2D finite-
difference simulations (Wang and Tang, 2003),
we take 10 2D profiles of the model on radial
planes at azimuths from 0° to 90° in steps of 10°
and then simulate the wave propagation at each
azimuth separately in 2D cylindrical coordinates
(r–z coordinates) by assuming that model prop-
erties are azimuthally invariant in each 2D
model. Validation of the 2D finite-difference pro-
gram is presented in Appendix B. The velocity
variation range of the results from 3D simula-
tions (squares) is smaller than that of the 2D
results (dashed curves) because the properties of
the 3D model vary azimuthally and the waves are sensitive to some
average of the properties of the formation in all directions.
As shown in Figure 12, Winkler (1996) finds that the measured
P-wave velocities have broad maxima and cusped minima and can
be better fit using an exponential function instead of a cosine func-
tion, which is that expected from the cosine dependence of stress
near a borehole (Jaeger et al., 2007). Our numerical results (squares)
obtained from 3D finite-difference simulations have very similar
azimuthal variation as the measured data (solid curves), whereas
the results given by the 2D simulations (dashed curves) show a
variation trend close to a cosine behavior. If the propagation
of the refracted P-wave follows a straight wave path along the
wellbore in the source excitation direction, then the P-wave velocity
versus source direction should show a cosine function variation,
which has been predicted by the theoretical calculations of Sinha
and Kostek (1996) and Fang et al. (2013) and is also confirmed
by the 2D simulation results shown in Figure 12. The broad maxima
and cusped minima shown in the measured data and the 3D numeri-
cal results in Figure 12 suggest that the propagation of the refracted
P-wave does not follow a straight wave path along the wellbore.
The first arriving P-wave finds the fastest path through a higher
velocity zone to reach a receiver.
The overall variation of our numerical results with azimuth is a
little bit smaller than that of the measured data because the rock
sample used in the experiment of Winkler (1996) is more compliant
than our rock sample, as the porosity of our sample is lower and the
velocity before applying stress is higher. Another difference
between the numerical results and the measured data occurs at 0°
and 180°, in which the laboratory measured velocities for 10 and
15 MPa uniaxial stresses are smaller than that for 5 MPa uniaxial
stress. This may be caused by the opening of micro cracks induced
200 kHz
250 kHz
300 kHz
350 kHz
1 2 3 4 5 6 7 x
y
|V grid/V−1|×105
Figure 7. Solid and dashed curves show the numerical error for P-
and S-wave velocities, respectively, in the x–y plane at four frequen-
cies. The V and Vgrid represent the true velocity (i.e., formation
velocity) and the grid velocity (i.e., velocity in numerical simula-
tion), respectively.
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Figure 6. Variations of the nine dominant components of the stiffness tensor around a
borehole in the x–y plane when a 10 MPa uniaxial stress is applied in the x-direction.
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Figure 9. Pressure profiles recorded in the borehole for sources at 10 different directions when a 10 MPa uniaxial stress is applied in the x-
direction (i.e., 0°). The number above each panel indicates the source direction. The 0° and 90° are along the x- and y-directions, respectively.
Wavefields are saturated for plotting to show the weak refracted P-waves, which are marked by the dashed red lines.
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Figure 10. (a and b) Seismograms recorded at z ¼ 7 and 10 cm,
respectively, when the model is subjected to 10 MPa stress loading.
Source is at z ¼ 0 cm. Red circles indicate the arrival times of the
refracted P-wave. The 0° and 90° are along the x- and y-axis direc-
tions, respectively.
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Figure 8. (a) Comparison of the seismograms simulated from two
models, respectively, containing 21 (dashed red) and nine dominant
(solid black) elastic constants for a piston source at 30° and 10 MPa
stress loading and (b) difference (multiplied by 105) between the
seismograms shown in (a).
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by tensile stresses, whose effect increases with increasing loading
stress. However, crack opening caused by tensile stress is neglected
in our model, so the normalized velocities in the numerical results
increase with the increase of loading stress at 0° and 180°.
The good agreement between the laboratory measurements and
numerical results in Figure 12 suggests that the effect of crack
opening is relatively small for a moderately consolidated Berea
sandstone under relatively low uniaxial loading stresses. Winkler
(1996) finds that the azimuthal variation of P-wave velocity is closer
to a cosine behavior and the P-wave velocity measured along the
loading stress direction (i.e., 0°) is substantially smaller than that
at zero stress loading for the Hanson sandstone sample used in
his experiment. This indicates that crack opening caused by tensile
stress could be an important factor affecting borehole sonic logs for
certain types of rock. However, this is beyond the scope of this
paper and will be a future research topic.
Field scale simulations
In the previous section, we have shown that the numerical
simulation results match the laboratory measurements of Winkler
(1996) very well. This demonstrates the applicability of the ap-
proach of Fang et al. (2013) for estimating the azimuthal variation
of anisotropic elastic properties around a borehole. However, the
source frequency (i.e., 30 kHz for a 20 cm borehole) used in the
above simulations is much higher than the conventional logging fre-
quency used in the field. In this section, we conduct a simulation by
upscaling the borehole model constructed previously to a 20 cm
borehole and replacing the piston source with a monopole source,
which is commonly used in measuring formation P-wave velocity
from borehole sonic logging (Tang and Cheng, 2004). The scaled
model may not represent a realistic borehole, around which the
rocks show multiscaled heterogeneity in the field (Sato et al., 2012).
However, this simplified model provides us a means to understand
the basic physical nature of sonic wave propagation in a borehole.
The center frequency of the monopole source used in wireline
sonic logging is usually approximately 10 kHz. To investigate
the acoustic response in a borehole as a function of frequency,
we will simulate monopole sources of 10, 15, and 20 kHz center
frequencies. A 20 kHz source can be achieved in a logging-
while-drilling tool. Our source wavelet is a Ricker wavelet. The
dominant P-wave wavelength changes approximately from 9 to
28 cm when the source frequency drops from 30 (laboratory scale)
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Figure 11. Azimuthal variation of the normalized P-wave velocity
(normalized by the velocity measured at zero stress state) in a bore-
hole under 10 MPa uniaxial stress loading. Squares and circles are
the P-wave velocities obtained from the numerical simulation and
the experiment of Winkler (1996), respectively. P-wave velocities
are determined by measuring the delay time between receivers lo-
cated at 7 and 10 cm along the z axis from the source. Applied stress
is along 0° and 180°.
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Figure 12. Azimuthal variation of the normalized P-wave velocity
(normalized by the velocity measured at zero stress state) around a
borehole at three different loading stresses. Solid curves are the best
fits to the laboratory measured data (modified from Winkler, 1996).
Squares and dashed curves are the results obtained from the 3D
(Cartesian coordinates) and 2D (cylindrical coordinates) finite-
difference simulations, respectively.
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Figure 13. Seismograms recorded at 10 azimuths
and at different offsets for 10 kHz monopole source
and 10 MPa loading stress. Source is at z ¼ 0 m.
Azimuth indicates the receiver angle measured
from the loading stress direction, which is along
0°. The refracted P-waves occur between the two
dashed red lines in each panel.
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to 10 kHz (field scale). We can expect that the waves excited from a
10 kHz monopole source penetrate deeper into the formation where
properties are less affected by the stress concentration and thus the
azimuthal variation of their velocity will be smaller than that in the
laboratory measurements of Winkler (1996). To make scales con-
sistent with typical field scales, we place receivers with offsets from
1 to 5 m at every 10° from 0° to 90° relative to the applied stress
direction (0°). All receivers are 5 cm away from the borehole center.
Figure 13 shows the seismograms recorded at five different off-
sets and at 10 different azimuths for 10 kHz monopole source when
the model is subjected to 10 MPa loading stress. The P-waves,
which arrive at times between the two dashed red lines in each
panel, are dispersive and extend over a longer time window as offset
(i.e., source-to-receiver distance) increases. At a given offset, the
difference of the P-wave arrival times at different azimuths is
too small to be directly measured from the trace data in Figure 13.
From our previous comparison with laboratory measurements,
we know that the refracted P-wave vanishes beyond a certain offset,
which is approximately 12 cm for the 2.86 cm diameter laboratory
scale borehole, at azimuths close to the direction normal to the load-
ing stress, as shown in Figure 9. When we up-
scale the model to a 20 cm borehole, this
critical offset changes to approximately 84 cm,
which is less than the minimum offset of the
receivers in a sonic logging tool. This suggests
that the recorded first arriving P-wave may
not be the refracted P-wave in a field borehole
measurement. However, Figure 13 shows that
P-waves appear at all azimuths for a 10 kHz mo-
nopole source. The P-wave amplitude shows sig-
nificant azimuthal variation that is also observed
in Figure 10. We should keep in mind that the
borehole size and source frequency in this sec-
tion are different from those used for comparison
with the laboratory measurements. To further in-
vestigate the physical nature of the P-wave, we
conducted 2D simulations in a manner similar
to the 2D simulations used to construct Figure 12.
We took 10 2D radial profiles of the model at
azimuths from 0° to 90° and simulated the wave
propagation at each azimuth separately in 2D
cylindrical coordinates. The 2D simulation re-
sults shown in Figure 14 indicate that the P-wave
amplitude decreases with the increase of azimuth
and the P-wave disappears starting from 50° at
offsets larger than 1 m, whereas the P-wave is
present at all azimuths in Figure 13. The disap-
pearance of P-wave in Figure 14 at azimuths
close to 90° is caused by the negative radial stiff-
ness gradient. As shown in Figure 6, the radial
gradient of model stiffness changes from positive
(radially increasing) to negative (radially de-
creasing) as angle changes from 0° to 90°. The
positive stiffness gradient along the loading
stress direction favors guided waves and produ-
ces strong P-wave amplitude along the wellbore.
In contrast, the negative stiffness gradient near
90° inhibits guided waves and dissipates the
P-wave amplitude and makes the refracted P-
wave disappear after a certain offset. This is con-
firmed by the 2D simulation results shown in
Figure 14. In Figure 13, the recorded P-waves
at azimuths near 90° are the P-wave leaking from
the neighboring negative stiffness gradient re-
gion at smaller azimuths because the positive
stiffness gradient cannot support the existence of
refracted waves as shown in Figure 14. Although
we show only the 2D simulation results for a
10 kHz monopole source, the 2D simulation
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Figure 14. Seismograms obtained from 2D simulations at 10 azimuths for 10 kHz mo-
nopole source and 10 MPa loading stress. Source is at z ¼ 0 m. Seismograms at each
azimuth are simulated independently using the model on the radial plane along the cor-
responding azimuth. The refracted P-waves occur between the two dashed red lines in
each panel.
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Figure 15. (a-d) Variations of the refracted P-wave amplitude versus azimuth for data
recorded at z ¼ 2, 3, 4, and 5 m, respectively. The 10 kHz monopole source is located at
z ¼ 0 m. Black, red, and blue curves show the results for 5, 10, and 15 MPa loading
stresses, respectively. The amplitudes of all data are normalized by the same value.
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results for 15 and 20 kHz monopole sources have similar features.
This indicates that P-wave is more influenced by the properties of
the formation around the borehole along the loading stress direction.
The azimuthally changing stiffness gradient has a big impact on
the P-wave amplitude. Figures 15–17 show the variations of the
P-wave amplitude versus azimuth for monopole
sources of 10, 15, and 20 kHz center frequencies,
respectively, at four different offsets. The value
of amplitude used in plotting is the normalized
mean absolute value of the amplitude of the
P-wave in the selected time window, which is
shown as the dashed red window in Figure 13.
In Figures 15–17, black, red, and blue curves
show the variations of the P-wave amplitude
for 5, 10, and 15 MPa loading stresses, respec-
tively. For each source frequency, all amplitudes
are normalized by the same value. We can see
that the P-wave amplitude decreases with in-
creasing offset and increases with increasing
loading stress. The P-wave amplitude shows
maxima at 0° and 180°, whereas P-wave ampli-
tude has minima at 90° and 270°. For 10 and
15 kHz monopole sources, the amplitude versus
azimuth variations shown in Figures 15 and 16
are similar to a cosine function. However, the
amplitude shows broad minima and cusped
maxima for the 20 kHz source, as shown in Fig-
ure 17. This is similar to the P-wave velocity
variation shown in Figure 12 except that the roles
of maxima and minima reverse. The amplitude
variation shown in Figure 17 deviates from those
shown in Figures 15 and 16 because the source
with higher frequency generates waves of shorter
wavelength that probe a region within a narrower
azimuth. Winkler (1997) finds that the focusing
of acoustic waves propagating through the low-
velocity channels in a borehole, which were cre-
ated either by tensile stress concentrations or by
mechanical damage, can cause high-amplitude
bright spots in the acoustic data measured in
borehole experiments. We show here that this
borehole acoustic focusing effect is present even
in the absence of the effects of tensile stress and
mechanical damage. Compared with the azimu-
thal variation of velocity, the amplitude is much
more sensitive to the change of formation proper-
ties around the borehole. It varies by several
times between the loading stress direction and
the direction normal to the loading stress. This
suggests that the P-wave amplitude may be used
to study the in situ stress state.
For comparison, Figure 18 shows the azimu-
thal variations of the Stoneley wave dispersion
for three different loading stresses. We treat
receivers at each azimuth as an individual array
and process the data separately for each azimuth.
We show only the Stoneley dispersion greater
than 10 kHz because they do not show any
azimuthal variation below that frequency. The
overall slowness of the Stoneley wave decreases with increasing
loading stress. For all three loading stresses, we can see that the
Stoneley wave slowness increases from 90° to 0° when the frequency
is greater than 12 kHz. The percentage change of the Stoneley wave
slowness from 90° to 0° at 20 kHz increases from approximately 4%
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Figure 16. Same as Figure 15 except that results for the 15 kHz monopole source are
plotted.
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Figure 17. Same as Figure 15 except that results for the 20 kHz monopole source are
plotted.
Stress effect on sonic logging D213
D
ow
nl
oa
de
d 
10
/3
0/
15
 to
 1
8.
51
.1
.3
. R
ed
ist
rib
ut
io
n 
su
bje
ct 
to 
SE
G 
lic
en
se 
or 
co
py
rig
ht;
 se
e T
erm
s o
f U
se 
at 
htt
p:/
/lib
rar
y.s
eg
.or
g/
for 5 MPa loading stress to approximately 5% for 15 MPa loading
stress. Compared with the P-wave amplitude, Stoneley wave slow-
ness is much less sensitive to the formation property changes around
the borehole and its azimuthal variation might be too small to mea-
sure in the field.
CONCLUSIONS
We studied the borehole azimuthal acoustic response caused by
borehole stress concentration using a finite-difference method and
an iterative method combining rock physics and finite-element
modeling. We compared our numerical results with the published
laboratory measurements for the Berea sandstone sample. The con-
sistency of the azimuthal variation of the normalized P-wave veloc-
ity between the numerical and the experimental data measured
during a loading cycle suggests that the constitutive relation be-
tween an applied stress field and stiffness of the rock around a bore-
hole can be accounted for correctly in the rock-physics modeling.
Due to the preference of the wavefield to propagate through a higher
velocity region, the variation of estimated P-wave velocity versus
azimuth shows broad maxima and cusped minima, which is ob-
served in the numerical simulations and the laboratory experiments.
However, on the field scale, the azimuthal variation of P-wave
velocity is not apparent, which is shown in our modeling results.
We find that the amplitude of the P-wave propagating along the
wellbore in the stress concentration zone decreases rapidly due
to the dissipation of P-wave caused by the negative radial stiffness
gradient. The changing radial stiffness gradient with azimuth results
in a strongly azimuthal variation in P-wave amplitude, which has
maxima and minima in directions parallel and normal to the loading
stress, respectively. The high sensitivity of the P-wave amplitude to
the azimuthal variation of formation properties may suggest that the
P-wave amplitude versus azimuth variation, which is easy to mea-
sure, can be used to study the in situ stress state around a borehole.
We also find that the Stoneley slowness has stress-dependent varia-
tion greater than approximately 12 kHz. However, the variations
with stress may be too small to measure in field data.
The radial changes of stiffness around the borehole shown in our
model are also consistent with the established idea that there is a
crossover of the velocities as one goes away from the borehole.
We will examine the quantitative nature of that in a separate paper.
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APPENDIX A
VALIDATION OF THE FINITE-ELEMENT
PROGRAM
We use COMSOL to do the finite-element calculation in our
modeling. The accuracy of the finite-element program is validated
through comparison with the analytical solution (AS) of the stress
field around a borehole when it is subjected to the compression of a
uniaxial stress in the direction normal to the borehole axis (i.e.,
plane strain situation).
The elastic deformation of a medium under static loading is
governed by the equation of equilibrium:8><
>>:
∂sxx
∂x þ
∂sxy
∂y þ ∂sxz∂z ¼ 0
∂sxy
∂x þ
∂syy
∂y þ
∂syz
∂z ¼ 0
∂sxz
∂x þ
∂syz
∂y þ ∂szz∂z ¼ 0
; (A-1)
where the body force is assumed to be zero, and the constitutive
relation
σ ¼ Cε; (A-2)
with
σ ¼ ½ sxx syy szz syz sxz sxy T; (A-3)
ε ¼ ½ εxx εyy εzz εyz εxz εxy T; (A-4)
C ¼
2
6666664
c11 c12 c13 c14 c15 c16
c12 c22 c23 c24 c25 c26
c13 c23 c33 c34 c35 c36
c14 c24 c34 c44 c45 c46
c15 c25 c35 c45 c55 c56
c16 c26 c36 c46 c56 c66
3
7777775
; (A-5)
where sij and εij (i; j ¼ x; y; z) are, respectively, the ij-component
of stress and strain and C is the stiffness matrix. The boundary con-
ditions are stresses at model boundaries equal to the external load-
ing stresses. Borehole boundary is assumed to be stress free.
When the formation elasticity exhibits orthorhombic symmetry
and one of the elastic symmetry planes is perpendicular to the bore-
hole axis, the stiffness matrix (equation A-5) reduces to
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Figure 18. (a-c) Dispersion of the Stoneley wave recorded at 10
different azimuths for 5, 10, and 15 MPa loading stresses, respec-
tively. Loading stress is along 0°.
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C ¼
2
6666664
c11 c12 c13 0 0 0
c12 c22 c23 0 0 0
c13 c23 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c55 0
0 0 0 0 0 c66
3
7777775
. (A-6)
For this special case and under plane strain assumption, the
stresses around a circular borehole that is subjected to triaxial com-
pression can be analytically given as (Amadei, 1983)
sxx ¼ Tx þ Re½Txðiγ1μ21 − iγ2μ22Þ − Tyμ1μ2ðγ1μ1 − γ2μ2Þ;
(A-7)
syy ¼ Ty þ Re½Txðiγ1 − iγ2Þ − Tyðγ1μ2 − γ2μ1Þ; (A-8)
sxy ¼ Re½Txð−iγ1μ1 þ iγ2μ2Þ þ Tyμ1μ2ðγ1 − γ2Þ; (A-9)
szz ¼ Tz − ða31sxx þ a32syyÞ∕a33; (A-10)
with
γk¼
iμk−1
ðμ2−μ1Þ

xþμky
a

2
−μ2k−1þxþμkya
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xþμky
a

2
−μ2k−1
s 
ðk¼1;2Þ; (A-11)
μ1 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2β12 þ β66 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2β12 þ β66Þ2 − 4β11β22
p
2β11
s
; (A-12)
μ2 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2β12 þ β66 −
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2β12 þ β66Þ2 − 4β11β22
p
2β11
s
; (A-13)
βij ¼ aij −
ai3aj3
a33
; (A-14)
where x and y are the coordinates on the borehole cross section, a is
borehole radius, aij is the ij-component of the compliance matrix,
which is the inverse of the stiffness matrix in equation A-6,
i ¼ ﬃﬃﬃﬃﬃﬃ−1p is the imaginary unit, Re½ is the notation for the real
part of the complex expression in the brackets, Tx, Ty, and Tz
are the loading stresses in the x-, y-, and z-directions, respectively,
and borehole axis is in the z-direction.
An orthorhombic anisotropic model is used for validating the fi-
nite-element program. The nine nonzero elastic constants of the for-
mation are taken to be c11 ¼ 17.4, c22 ¼ 15.4, c33 ¼ 11.7,
c12 ¼ 7.1, c13 ¼ 6.3, c23 ¼ 6.5, c44 ¼ 3.1, c55 ¼ 3.5, and
c66 ¼ 3.8 GPa. Figure A-1 shows the comparison of the numerical
result (first column), which is computed using the finite-element
program, with the AS (second column), which is given by equa-
tions A-7–A-10. The sxx, syy, szz, and sxy are the four nonzero stress
components in the x–y plane. The uniaxial stress applied in the x-
direction is 10 MPa. Borehole radius is 0.1 m. The stress field com-
puted from the finite-element program, as shown in the first column
of Figure A-1, is almost identical to the AS shown in the second
column. Their difference (third column) is approximately two or-
ders of magnitude smaller. This proves the validity and accuracy
of the finite-element program.
APPENDIX B
VALIDATION OF THE FINITE-DIFFERENCE
PROGRAMS
To validate the 3D and 2D finite-difference simulation programs,
we compare the results for wave propagation along a fluid-filled
borehole calculated using the two finite-difference methods (Cheng
et al., 1995; Wang and Tang, 2003) with the solutions obtained from
the discrete wavenumber method (Cheng and Toksöz, 1981).
The 3D finite-difference program solves the elastic wave equa-
tion in Cartesian coordinates:
Sxx (FEM)
x
y
Syy (FEM)
x
y
Szz (FEM)
x
y
Sxy (FEM)
x
y
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y
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Figure A-1. Comparison of the stress field around a borehole ob-
tained from the FEMwith the AS for 10 MPa uniaxial stress loading
in the x-direction. The third column shows the difference (multi-
plied by 10) between the FEM result (1st column) and the AS
(2nd column). Positive and negative signs denote compressive
and tensile stresses, respectively.
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8>><
>>:
ρ ∂
2ux
∂t2 ¼ ∂sxx∂x þ
∂sxy
∂y þ ∂sxz∂z
ρ
∂2uy
∂t2 ¼
∂sxy
∂x þ
∂syy
∂y þ
∂syz
∂z
ρ ∂
2uz
∂t2 ¼
∂sxz
∂x þ
∂syz
∂y þ ∂szz∂z
; (B-1)
where ux, uy, and uz are, respectively, displacements in the x-, y-,
and z-directions; t is time; and ρ is density. The constitutive relation
is given by equation A-2.
The 2D finite-difference program solves the elastic wave equa-
tion in cylindrical coordinates (r–z coordinates) by assuming that
the model properties are azimuthally invariant.
Figure B-1 shows the comparison of the results obtained by the
finite-difference methods (dashed blue and dashed red) and the dis-
crete wavenumber method (solid black) for monopole (Figure B-1a)
and dipole (Figure B-1b) sources. The center frequencies are 10 and
3 kHz for monopole and dipole sources, respectively. The
formation is a homogeneous vertically transversely isotropic
medium. The vertical P- and S-wave velocities are 2830 and
1750 m∕s, respectively, anisotropy parameters are ε ¼ γ ¼ 0.1
and δ ¼ 0, and the density is 2198 kg∕m3. Borehole fluid is water
and the borehole radius is 10 cm. Receiver array records the pres-
sure along the borehole axis direction at positions 5 cm away from
the borehole center. For the dipole simulation, receivers are in the
source inline direction. The finite-difference grid size is 0.2 cm (i.e.,
1/100 borehole diameter). From Figure B-1, we can see that the
finite-difference results (dashed traces) agree well with the discrete
wavenumber solutions (solid traces). This demonstrates the accu-
racy of our finite-difference programs.
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Figure B-1. (a and b) Comparisons of the results obtained from fi-
nite-difference methods (dashed blue and dashed red) and discrete-
wavenumber method (solid black) for 10 kHz monopole and 3 kHz
dipole sources, respectively. Dashed red and blue traces are, respec-
tively, obtained from 3D finite-difference modeling in Cartesian
coordinates and 2D finite-difference modeling in cylindrical
coordinates.
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